To suppress the fluctuation effect due to laser power instability and terahertz radiation fluctuation, a homomorphic filtering method is proposed to process the terahertz images obtained from a pulsed terahertz raster scanning imaging system. The physical model of homomorphic filtering for terahertz imaging is established. The mathematical expressions are given with the specific physical meaning in accordance with the imaging principle. To demonstrate the effectiveness of the method, a homomorphic filtering experiment based on two raw terahertz images selected from the literature using a continuous-wave (CW) terahertz source is also performed. The effect of the method is compared with those described in the literature, and the advantages of homomorphic filtering are discussed. The pulsed-and CW-terahertz image processing results both show that in addition to suppressing the fluctuation effect, the method can also enhance target imaging.
Terahertz imaging has undergone rapid development since its initial stages [1−3] . In terahertz imaging, the fluctuation of gray level distribution cannot be avoided because of the fluctuation effect from the terahertz source, whether the source is pulsed or continuous wave (CW). To overcome the fluctuation effect with time, three calibration methods are generally utilized. In the first method, a second reference background image is obtained simultaneously or within a transient time scale. Afterward, the reference image is subtracted from the raw terahertz image. The result is a calibrated image with a mitigated background fluctuation effect. One example of this method is the dynamic subtraction method used in previous studies [4, 5] . Generally, this method requires a large number of raw images and reference images to improve the signal-to-noise ratio (SNR) of the terahertz images. In the second method, a linear relationship between the decreased terahertz signal and the measurement time is first obtained to determine the reference background intensities at any given time. Afterward, the reference background image is subtracted from the raw terahertz image to obtain a calibrated image [6] . In the third method, the imaging object is first separated from the background to obtain a reference image for the background. The gray level at each line of the reference image is averaged to achieve a gray level estimation for each line. The estimation is then subtracted from the original image to mitigate the fluctuation effect [7] . However, these three methods increase the complexity of the imaging experimental setup. Furthermore, except for the dynamic subtraction method in which the signal and background frames are alternately captured within millisecond timescales, the other methods cannot ensure that the reference images and terahertz images have the same degrees of fluctuation.
Here, we present a modified homomorphic filtering method to simultaneously mitigate the fluctuation effect and enhance object imaging. We first establish a physical model and then demonstrate the feasibility of the principle. Afterward, based on our experimental results, the real effect of this method is illustrated. To illustrate the principle of this method in CW terahertz imaging experiments, we select two raw CW terahertz images from the literature [6, 7] for homomorphic filtering. The results are then compared with those of the literature. Finally, a brief discussion on the usage and limitation of this method is given.
Homomorphic filtering is commonly used to suppress multiplicative noise, such as non-uniform illumination background, in visible images [8] . This method has been adapted to suppress the non-uniform illumination effect in medical imaging [9, 10] and remote sensing [11] . However, fluctuations occur in both pulsed and CW terahertz radiation sources when a raster-scan is performed to obtain the terahertz image. The fluctuation is then transferred to the gray level distribution of the terahertz image, which results in severely degraded imaging quality.
According to the peak-to-peak amplitude terahertz imaging principle, if other kinds of additive noise are not taken into consideration, the two-dimensional (2D) gray level distribution for terahertz transmission images can be represented as the product of the terahertz radiation power i(m, n) that is incident on the surface of the imaging targets and the transmission coefficient t(m, n). Meanwhile, the 2D gray level distribution for terahertz reflection images can be represented as the product of the incident terahertz power i(m, n) and the reflection coefficient r(m, n). m and n are the coordinates of the 2D distribution in the spatial domain. The 2D distribution of the transmission coefficient or of the reflection coefficient contains information on the imaging targets. We hope to distill this information, but the fluctuation effect of the terahertz radiation power i(m, n), which acts as the multiplicative noise, blends with this information. The fluctuation effect and imaging information are coupled in the spatial domain. Therefore, these two parts are not separable in the frequency domain [8] , and a mere high-pass filtering in the frequency domain will indiscriminatingly operate on the frequency components of both parts and will not achieve good results.
Using a logarithmic operation, the method of homomorphic filtering transforms multiplicative noise (which belongs to systematic noise) into additive noise. As a result, the frequency components of the terahertz radiation power i(m, n) and the transmission coefficient t(m, n) or reflection coefficient r(m, n) can be separated. The fluctuation effect of terahertz radiation is characterized by slow spatial variations, whereas the transmission or reflection component tends to vary abruptly, particularly at the junctions of dissimilar objects. These characteristics lead to associating the low frequencies of the Fourier transform of the logarithm of terahertz images with the incident terahertz radiation i(m, n) and the high frequencies with the transmittance or reflectance. These associations are rough approximations but can be used in image enhancement. Therefore, high-pass frequency domain filtering for the logarithmic image can suppress lowfrequency components that correspond to the incident terahertz radiation i(m, n), which contains the fluctuation effect, and simultaneously enhance high-frequency components that correspond to the edges and the texture. The edges and the texture are therefore emphasized. Meanwhile, the contrast between the imaging targets and the background is improved.
The mathematical description for the homomorphic filtering method includes five steps, which are shown in Fig. 1 .
The high-pass filter function in the logarithmic-Fourier domain is defined as the homomorphic filter function H(u, v). The parameters u and v are coordinates of the 2D distribution in the logarithmic-Fourier domain. The characteristic curve of H(u, v) is shown in Fig. 2 . The low value corresponds to the incident terahertz radiation component, whereas the high value corresponds to the transmission component or reflection component. D 0 is the approximate cut-off frequency between these two components. The curve shape can be approximated using any ideal high-pass filter, such as a Gaussian high-pass filter or a Butterworth high-pass filter. If the Gaussian high-pass filter is used, the homomorphic filter H(u, v) can be expressed as
where D 0 is a specified nonnegative quantity, D(u, v) is the distance from point (u, v) to the origin of the frequency rectangle, H H is the highest point of H(u, v), and H L is the lowest point. The sharpness of the slope of the filter function can be controlled by adjusting the parameter c. The construction of the homomorphic filter H(u, v) has been discussed above. The mathematical description of homomorphic filtering for terahertz transmission imaging will be discussed as follows.
The terahertz transmission images can be expressed as Eq. (2), where f (m, n) is the 2D gray level distribution of the terahertz transmission imaging.
Suppose, however, that we define
Then,
where Z(u, v), I(u, v), and T (u, v) are Fourier transforms of z(m, n), ln i(m, n), and ln t(m, n), respectively. Then, we process Z(u, v) using the homomorphic filter function H(u, v) to obtain S(u, v) as
In the spatial domain,
By letting
and
Equation (7) can be expressed as
The exponential operation for s(m, n) yields the desired enhanced image, which is denoted by
The 2D gray level distribution of the homomorphic filtered images can be also expressed as
The mathematical equations can be adapted to terahertz reflection imaging simply by replacing the transmission coefficient t(m, n) with the reflection coefficient r(m, n).
With a homomorphic filter, a significant amount of control can be gained over the incident terahertz radiation component as well as on the transmission or reflection component. This control demands specification of a filter function H(u, v) that affects the low-and highfrequency components of the logarithmic-Fourier domain in different ways. As shown in Fig. 2 , if the parameters H L and H H are set such that H L <1 and H H >1, the homomorphic filter function tends to decrease the contribution made by the low frequencies while amplifying the contribution made by high frequencies. Thus, the fluctuation effect of terahertz power radiation is suppressed, whereas the transmission or reflection components representing the detailed information of imaging objects are enhanced. The net result is a simultaneous dynamic range compression and contrast enhancement.
The scan length for scanning a blade edge is set to 0.5 mm. Given that the broadband pulsed terahertz radiation source is used, the scan length cannot be set shorter than 0.3 mm. The main part of the radiation source lies in a relatively lower frequency band. Therefore, the diffraction effect will render smaller scan lengths meaningless. The pixel of the raw terahertz image is 52×50. Figure 3 shows the homomorphic filtering and image enhancement of a blade-edge image. Figure 3(O) is the optical image of a blade-edge sample. The two local parts denoted by rectangles are the reference. Figure 3(a) is the original terahertz transmission image. According to the experimental condition, three layers should be represented in Fig. 3(a) . In the first layer (from bottom to top), terahertz waves are directly transmitted without completely passing through the imaged object. In the second layer, the terahertz waves are transmitted through the cardboard, and most of the THz energy penetrates. In the third layer, the terahertz waves hit the target, but most are reflected back. However, these three layers are difficult to identify because of non-uniform illumination. In addition, the blade edges are blurred because of diffraction. The lower part of the raw image is too bright to be discerned, whereas the upper part is relatively dark. Figure 3(b) shows the result of a modified homomorphic filtering of the raw image. Figure 3(c) displays the result of high-pass Butterworth filtering of the raw image in the Fourier domain. A comparison of these two figures show that high-pass filtering in the Fourier domain is not sufficient to suppress the background fluctuation effect. Because the filter indiscriminatingly mitigates the low-frequency components of both the nonuniform background and the imaging targets, the image quality decreases further. The aforementioned three layers can be clearly seen in Figs. 3(b) and 3(c) . However, the background in Fig. 3(c) is too dark. Figures 3(d) to 3(f) are the results of edge detection for Figs. 3(a) to 3(c), respectively, using the Prewitt operator [12] . A comparison of Figs. 3(d) to 3(f) with Fig. 3(O) shows that the illusory edges are eliminated in Fig. 3(e) , and the real edges of the shaver can be easily discerned. To compare the edge resolutions quantitatively, the two local parts mentioned above are selected, as shown in Fig. 4 (drawn to scale) . The sizes of these two local parts are 0.75×0.40 (mm) and 0.65×0.65 (mm), respectively. A-0 and B-0 are taken from the optical image of the blade-edge sample. A-1 and B-1 are the corresponding parts from Fig. 3(d) , whereas A-2 and B-2 are the corresponding parts from Fig. 3(e) , respectively. The edge resolutions (measured in pixels; Table 1 ) shows a distinct improvement after homomorphic filtering, thus demonstrating the effectiveness of homomorphic filtering. The homomorphic filter function used in the experiment is shown in Fig. 5 , with the highest value H H at 1.2 and the lowest value H L at 0.4.
To illustrate our method further, two raw CW terahertz images selected from the literature [6, 7] are processed by our modified homomorphic filtering method. We first cut the pictures from the PDF format and then transform the raw images into the JPG format to obtain gray level distribution values. We use these values to perform the image processing experiment, as shown in Figs. 6 and 7. Fig. 3 , which are denoted by rectangles. A-1 and B-1 are the corresponding parts from Fig. 3(d) , whereas A-2 and B-2 are the corresponding parts from Fig. 3(e) , respectively. image processed using our method, and (c) image processed with the background calibration method described in Ref. [6] . Fig. 7 . Homomorphic filtering of a coin terahertz reflection image selected from a published paper. (a) Original terahertz image, (b) image processed using our method, and (c) fluctuation suppression result using the method described in Ref. [7] .
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Figures 6(a) and 7(a) are the raw terahertz images affected by the terahertz power fluctuation effect. The images show a clear non-uniform gray level distribution.
As described in Ref. [6] , the far infrared (FIR) laser power in the experiment gradually decreases. The blade edge was raster-scanned from top to bottom. The FIR laser power drift leads to a non-uniform background in the terahertz transmission image, with a relatively brighter upper part and a darker lower part. To calibrate this power drift effect, a stability test for the laser output power was performed and a linear fit of the curve was found, which indicates a gradual decrease with time in laser power. The background gray level distribution for the transmission experiment was estimated according to this linear curve and then deducted from the raw terahertz blade-edge image. Figure 6(b) is the image processed using our method, whereas Fig. 6(c) shows the image processed with the background calibration method described in the literature [6] . H H is set to 2 and H L is set to 0.5 in the homomorphic filter function used in Fig.   6(b). Figure 6(b) shows a comparatively more uniform background gray level distribution as well as an improved contrast compared with that in Fig. 6(a) . Moreover, the effect is nearly as good as in Fig. 6(c) . A comparison of the gray level medians for the different parts (upper, middle, and lower) of the background taken from Fig. 6 is shown in Table 2 . The gray level distribution for the background in Fig. 6(b) is more uniform than that in Fig. 6 (a) but still not as good as in Fig. 6(c) . However, the striation effect along the scanning direction due to the gradually changing laser power is severe in Fig. 6(c) .
Based on the literature [7] , the scanning of a coin with a 110×142 image size lasted nearly 2 hours. The long scanning time indicates that the reflection imaging result was severely affected by the laser output fluctuation. The laser power gradually changed along the scanning direction and subsequently caused striations in the raw image. Moreover, the entire reflection image was non-uniform, with the lower part relatively brighter and the upper part relatively darker. To estimate the laser output, the author first separated the object from the background to obtain a reference image and then estimated the illumination power i(m, n) by averaging the gray level at each line. To suppress the laser fluctuation effect, the author removed the illumination power i(m, n) from the raw reflection terahertz image. Figure 7 (b) shows the image processed using our method. Figure 7 (c) is the fluctuation suppression result using the method described in the literature [7] . H H is set to 3 and H L is set to 0.6 in the homomorphic filter function used in Fig. 7(b) . Figure 7 (b) clearly shows a more uniform gray level distribution than Fig. 7(a) and exhibits a better contrast than Fig. 7(c) . A comparison of the imaging target-background contrast for Fig. 7 is shown in Table 3 . The average gray levels for the backgrounds are approximately 3. Moreover, Table 3 gives the average (including the imaging target and background) gray levels of the different parts (from top to bottom: pixel lines 100, 200, 300, and 490; the total number of pixel lines is approximately 500). According to the gray level distribution in Table 3 , we can safely conclude that the target-background contrast in Fig. 7(b) is greater than that in Figs. 7(a) and 7(c). The relatively darker parts denoted by rectangles in the top right corner of the coin can be easily identified in Fig. 7(b) . 
